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A major obstacle to attain the fundamental precision limit of the phase estimation in an interfer-
ometry is the identification and implementation of the optimal measurement. Here we demonstrate
that this can be accomplished by the use of three conventional measurements among interferometers
with Bayesian estimation techniques. Conditions that hold for the precision limit to be attained
with these measurements are obtained by explicitly calculating the Fisher information. Remarkably,
these conditions are naturally satisfied in most interferometric experiments. We apply our results to
an experiment of atomic spectroscopy and examine robustness of phase sensitivity for the two-axis
counter-twisted state suffering from detection noise.
Introduction.—Quantum-enhanced interferometry has
attracted considerable attentions due to possible sup-
pressing the uncertainty of the phase measurement below
the shot noise limit with quantum resources like squeez-
ing and entanglement [1–8]. This quantum enhance-
ment has potential application on significantly improv-
ing weak signal detection and atomic frequency measure-
ment. Theoretically, the phase measurement sensitivity
is limited by quantum Cramér-Rao bound (QCRB) [9–
11], which crucially depends on both the property of the
probe state and the way of phase accumulation. One
practical difficulty in this field is that the optimal mea-
surements to access this theoretical precision limit are of-
ten not physically realizable [11–13]. More recently, some
novel detection methods, such as single-particle detection
[14–16], interaction-based detection [17–19], and weak
measurement [20–23] were raised on some specific prob-
lems of phase estimation. Whereas, more popular detec-
tion methods used in interferometric phase measurement
are those relative to the particle count or the population
difference on the output ports of the interferometer, since
they are readily implementable with current experimen-
tal techniques. A question of primary concern, therefore,
is whether the fundamental precision limit can be at-
tained by these conventional measurements.
Recently, some progress has been made in this aspect.
In Ref. [24], Pezzé and Smerzi first simulated a Bayesian
analysis in optical interferometry that the QCRB can be
saturated by the two-output-port (TOP) photon count
measurement for the state created by the interference be-
tween squeezing laser and coherent laser. Hofmann sub-
sequently proved that this result can be generalized to all
path-symmetric pure states [25]. In another recent work
[26], Pezzé and Smerzi analytically found that the single-
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output-port (SOP) photon count measurement can at-
tain the QCRB for single-mode number squeezing states
at a particular value of the phase shift θ = 0. Further-
more, there were some experimental evidences indicating
that for certain typical quantum states even a popula-
tion difference (PD) measurement is sufficient with the
Bayesian analysis [27, 28]. However, it is still ambiguous
for the roles of these conventional measurements in pre-
cision measurement. For instance, in what circumstances
and under what conditions can these measurements im-
plemented achieve the quantum Cramér-Rao sensitivity?
What differences are among these measures?
In this manuscript, we address these issues by explic-
itly calculating the Fisher information under these three
measurements for a general class of quantum states in the
interferometry. We clarify that all these measurements
are conditionally optimal for achieving the ultimate sen-
sitivity. Specifically, when the probe state—the state be-
fore the phase shift operation—be a real symmetric pure
state, the QCRB can be reached by counting the parti-
cle number of the two output ports of the interferometer
in the whole phase interval without overhead of extra
feedback operations [29–31]. This can be equivalently
accomplished by measuring the population difference be-
tween the two output states when probe states chosen
are absence of the fluctuating particle number. While
the measurement of counting particle number on a single
interferometer output only saturates for the particular
values of the phase shift θ=0 and pi. As for the cases of
complex symmetric pure states, all three measures share
the same performance such that the QCRB can be at-
tained at θ = 0 and pi. More friendly, all these require-
ments are readily met in current experiments on high
precision phase estimation, since most of quantum states
employed in experiments belongs to the family of sym-
metric pure states, for instance, states created by the in-
terference between an arbitrary state and an even or odd
state [1, 4, 24, 26, 27, 32–35] and two-mode squeezed vac-
uum state [36] used in optical settings, as well as squeezed
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Figure 1. (Color online) Schematic of the standard MZI.
spin states [3, 28, 37, 38] and atomic entangled states [39–
41] used in atomic settings. In addition, these results can
be readily generalized into case of absence of phase refer-
ence frame accompanying with probe states being phase
averaged [42–44].
Mach-Zehnder interfermometer (MZI).—We start by
modeling the setup of interferometric phase measure-
ment onto a linear MZI (see Fig. 1). The routine means
for studying two-mode interferometer is by using the
Schwinger representation of the angular momentum op-
erators Jˆx = (aˆ†bˆ+ bˆ†aˆ)/2, Jˆy = (aˆ†bˆ− bˆ†aˆ)/2i, and
Jˆz = (aˆ
†aˆ− bˆ†bˆ)/2, where aˆ (aˆ†) and bˆ (bˆ†) are the an-
nihilation (creation) operators of the upper and lower
input modes of the interferometer, respectively. These
operators commute with the total particle number oper-
ator Nˆ= aˆ†aˆ+bˆ†bˆ and satisfy the commutation relations
for Lie algebra su (2). A standard MZI is made up of
two 50:50 beam splitters B=exp(−ipiJˆy/2) and a phase
shift Uθ=exp(−iθJˆz) in terms of an unknown θ to be es-
timated. Let |ψin〉 denote the state entering at the input
ports of the interferometer. Then the state at the ouput
ports reads |ψout〉=B†UθB|ψin〉.
To facilitate our analysis, we focus on the state af-
ter the first beam splitter B|ψin〉, which is called as
probe state and denoted by |ψ〉. We use the basis space
spanned by common eigenstates |j,m〉 of the operators
Jˆ2≡ Jˆ2x+Jˆ2y+Jˆ2z and Jˆz with eigenvalues j (j + 1) andm,
respectively. An arbitrary pure state |ψ〉 can be generally
expressed as |ψ〉=∑j∑jm=−j Cj,m|j,m〉 where Cj,m de-
note the expansion coefficients of |ψ〉 on |j,m〉. We here
restrict our attention to a family of symmetric pure states
with the expansion coefficients satisfying Cj,m =Cj,−m,
suggesting 〈Jˆz〉ψ =0. Notice that such a family covers a
wide range of quantum states as mentioned previously.
According to quantum estimation theory, the QCRB
states that, for a given parametric density matrix ρθ, the
phase sensitivity of any unbiased estimator is bounded by
∆θ2est ≤ [υFQ(ρθ)]−1 where υ is the number of indepen-
dent measurements and FQ(ρθ) is the so-called quantum
Fisher information (QFI) [9–11]. In the case as described
above, the QFI in terms of the phase-imprinted symmet-
ric pure state |ψθ〉≡Uθ|ψ〉 is exactly given by
FQ(ψθ) = 4〈Jˆ2z 〉ψ = 8
∑
j
j∑
m=j−bjc
|Cj,m|2m2, (1)
with b c denoting the corresponding integer part. Re-
markably, the expression in Eq. (1) is irrelevant to the
phase parameter θ, meaning that the ultimate sensitivi-
ties provided by symmetric pure states do not depend on
the true value of the phase shift.
In experiments to achieve the QCRB, one needs to
successively perform optimizations over measurements
and estimators. A generic optimization procedure is
as follows. Consider a general measurement described
by a positive-operator-valued measure Mˆ ≡ {Mˆχ} with
χ the results of measurement. Based on Mˆ , the ac-
cessible phase sensitivity is limited by the inequality
∆θ2est ≤ [υF (ρθ|Mˆ)]−1, where F (ρθ|Mˆ) is the classical
Fisher information (CFI) defined from below as
F (ρθ|Mˆ) =
∑
χ
1
p(χ|θ)
(
d p(χ|θ)
dθ
)2
, (2)
with p(χ|θ)≡ Tr(Mˆχρθ) the probability of the outcome
χ conditioned on the specific value of θ. It is well known
that such accessible sensitivity bound is achieved by the
maximum likelihood estimator for sufficiently large υ
with Bayesian estimation methods [27, 45]. Correspond-
ingly, the QCRB can be attained with this interference
method by taking a measurement Mˆopt that makes the
equality F (ρθ|Mˆopt) = FQ(ρθ) true. Mˆopt thus repre-
sents the optimal measurement that we would like to find.
In what follows, we clarify that the three conventional
measurements as mentioned previously are conditionally
optimal for phase estimation in the MZI. We show the
optimal conditions by identifying that the quantitative
statements of the CFI with respect to the these measure-
ments are equivalent to the expression in Eq. (1).
Conventional measurements.—A TOP particle count
measurement is represented as MˆTOP={|nc,nd〉〈nc,nd|},
where the pairs of outcomes (nc,nd) are the number of
particles detected at c and d output ports. The condi-
tional probability with respect to (nc,nd) is defined by
p(nc,nd|θ)= |〈nc,nd|B†|ψθ〉|2. By identifying 2j=nc+nd
and 2µ = nc−nd, we have p(nc,nd|θ) = p(j,µ|θ), and
further obtain
p(j,µ|θ) =

∣∣∣∣ j∑
ν=j−bjc
2Cj,ν cos(ν θ) d
j
ν,µ(
pi
2 )
∣∣∣∣2,∣∣∣∣ j∑
ν=j−bjc
2Cj,ν sin(ν θ) d
j
ν,µ(
pi
2 )
∣∣∣∣2, (3)
where the subscript µ= j, j−2, j−4, · · · (j−1, j−3, j−
5, · · · ) in the upper (lower) expression and djν,µ (β) =
〈j,ν| exp(−iβJy)|j,µ〉 refers to the Wigner rotation ma-
trix. A direct calculation of the CFI in terms of the
TOP measurement with Eq. (3) suggests that the equal-
ity F (ψθ|MˆTOP) =FQ(ψθ) holds when either of the fol-
lowing two conditions is satisfied (see Appendix A): (a)
the amplitude coefficients Cj,m of |ψ〉 are real. (b) the
true values of θ are asymptotic to 0 and pi. This indicates
2
that the TOP measurement is globally optimal in the
whole range of parameter value for real-amplitude sym-
metric pure states and locally optimal at points θ=0 or pi
for complex-amplitude symmetric pure states (see Table
I). Condition (a) was alternatively obtained in Ref. [25],
but where there was no statement on condition (b).
Next we consider the SOP particle count measurement,
which is denoted by MˆSOP = {|nc〉〈nc|} in accompany
with nc the number of particles counted at c output
port. The conditional probability of nc is then given
by p(nc|θ) = |〈nc|B†|ψθ〉|2. With the help of the rela-
tion |nc〉〈nc|=
∑∞
nd=0
|nc,nd〉〈nc,nd|, we obtain p(nc|θ)=∑∞
nd=0
p(nc,nd|θ). By invoking the Cauchy-Schwarz in-
equality, one can see that F (ψθ|MˆTOP)≥ F (ψθ|MˆSOP)
[26], where the equality holds if and only if√
p (nc,nd|θ) = λ√
p (nc,nd|θ)
d p (nc,nd|θ)
dθ
, (4)
is satisfied with a nonzero number λ. Combining Eqs. (3)
and (4), we find that the equality F (ψθ|MˆSOP) =
F (ψθ|MˆTOP) holds only in the asymptotic limits θ→ 0
and pi. Therefore this indicates that the SOP measure-
ment can attain the QCRB for all symmetric pure states
at points θ=0 and pi (see Table I), which is confirmed by
a specific example considered in Ref. [26].
Finally, we discuss the PD measurement described by
MˆPD = {|µ〉〈µ|}, which is also known as the projection
measurement with respect to the observable Jˆz. Notice
that the PD measurement is highly related to the TOP
measurement, since the latter explicitly reduces to the
former when the total particle number of the system is
definite. Therefore one can take the PD measurement to
saturate the QCRB when the probe state belongs to a
subclass of symmetric pure states featuring no fluctua-
tion of particle number, such as, NOON state, twin Fock
state. However, the PD measurement fails for the case in
which the fluctuating particle number presents, since it is
insensitive to distinguish subspaces with different parti-
cles numbers. Fortunately, states mostly used in Ramsey
Table I. The conditions for achieving the QCRB by three
conventional measurements in the MZI. For a specific type
of probe state, condition refers to phase interval in which
the QCRB is saturated. Here RS and CS denote the sets of
real- and complex-amplitude symmetric pure states. Remark-
ably, for the SOP and TOP measurements, conditions are also
satisfied by replacing |ψ〉 with the corresponding phase aver-
aged mixed states of Eq. (5). In the last row, the remark of
〈∆Nˆ2〉ψ=0 means that |ψ〉 has a definite number of particles.
Measurement |ψ〉 ∈ RS |ψ〉 ∈ CS Remark
SOP θ → 0, pi θ → 0, pi
TOP 0 ≤ θ ≤ pi θ → 0, pi
PD 0 ≤ θ ≤ pi θ → 0, pi 〈∆Nˆ2〉ψ=0
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Figure 2. (Color online) Geometric representation of atomic
interferometric scheme with the TACT state. Illustrated are
Husimi distributions for N = 60 atoms.
interferometer are absence of the fluctuating number of
particles. Thus, in such circumstances, the PD measure-
ment is applicable.
Otherwise, in optical interferoemtric setting, quantum
states with fluctuating particle number may have coher-
ences between states of different numbers of particles
which are generally not measurable [42–44]. Now, we
consider a general phase averaged state of the form
ρ =
ˆ
dϑ
2pi
exp
(− iϑNˆ) |ψ〉〈ψ| exp(iϑNˆ), (5)
where |ψ〉 of consideration is the symmetric pure state.
States in expression of Eq. (5) are vanishing of the co-
herence of different particle number states as the con-
sequence of the lack of a suitable phase reference frame
[42–44]. After the MZI process, ρ evolves to ρθ. A direct
calculation of the QFI for ρθ yields FQ(ρθ) = FQ(ψθ).
Furthermore, by calculating the CFI with respect to the
SOP and TOP measurements, we find that the previous
important results for pure states can be generalized to
mixed states in the form of Eq. (5).
Implementation to Ramsey spectroscopy.—So far we
have presented experimentally friendly conditions for sat-
urating the QCRB in a linear MZI. As an example, we
apply our results on Ramsey spectroscopy with detec-
tion noise. It is well known that a Ramsey spectroscopy
(Fig. 2) is formally analogue to the MZI (Fig. 1) by re-
placing two beam splitters with two Ramsey sequences
and phase shift with free evolution. Below we consider a
general case of the PD measurement with finite resolution
σ, which is modeled by replacing the ideal probability
p(µ|θ) with
p˜(µ|θ) =
N/2∑
µ′=−N/2
g(µ− µ′) p(µ′|θ), (6)
where we specify the unbiased Gaussian function g(µ−
µ′)∝exp[−(µ−µ′)2/2σ2] as a resolution function.
Consider a system of N spin-1/2 atoms which we ex-
press by the collective angular momentum Jˆ=
∑N
i=1 Sˆi in
terms of spin operators Sˆi. The Ramsey interferometric
transformation (from Fig. 2(b) to (c)) corresponds to the
operation Rx(θ)=eiθJˆx in terms of θ = ωτ with ω atomic
frequency and τ the interrogation time. We use the two-
axis counter-twisted (TACT) state as the input state of
3
Figure 3. (Color online) Phase sensitivity for the TACT
states obtained with a finite-resolution PD measurement
(parametrized by σ). (a-c) The normalized phase sensitiv-
ity ∆θest
√
υN as a function of θ for the TACT states of
different paticle number N . Different color curves refer to
different values of σ and the black-dashed horizontal line cor-
responds to the ideal case σ = 0. (d) Phase sensitivity gain
g≡−10 log10(∆θest
√
υN) vsN with θ∼pi/2N . Different color
filled circles indicate different values of σ. Solid lines are the
results of fitting by g≡−10 log10(α/
√
N) where α= 1 corre-
sponds to the Heisenberg-limit-scaling sensitivity gain. The
shaded area represents the sub-shot-noise sensitivity region
bounded by shot noise limit and Heisenberg limit.
Ramsey interferometer. Suppose that the atomic ensem-
ble is initially prepared in a coherent spin state |ψc〉z,
i.e., the fully polarized state along the z axis (Fig. 2(a)).
The TACT state is then generated by time evolution un-
der the nonlinear Hamiltonian of Hˆt=χ(Jˆ2x − Jˆ2y ) which
is known as the two-axis counter-twisting Hamiltonian
[46]. Several proposals have been presented to simu-
late this nonlinear Hamiltonian in various physical sys-
tems [47–50]. Moreover, an additional rotation operation
Rz(pi/4) = e
−iJˆzpi/4 is employed to re-orient the squeez-
ing angle of the TACT state so as to acquire the highest
degree of sensitivity enhancement. After the compound
operation U = Rz Ut, the state of the system becomes
(Fig. 2(b))
|ψt〉z = e−iJˆzpi/4 e−iχt(Jˆ2x−Jˆ2y) |ψc〉z. (7)
By fixing χt∼ ln(2piN)/2N [51], one may expect to ac-
quire a near-Heisenberg scaling limit
√
υ∆θ∼1.24/N .
In Fig. 3, we plot the phase sensitivity attained by
the finite-resolution PD measurement. For ideal case
σ=0, as shown in Figs. 3(a-c), the near-Heisenberg scal-
ing sensitivity limit is saturated in the whole phase in-
terval (see Appendix B). According to previous conclu-
sions, this indicates a fact that the probe state here, i.e.,
|ψt〉x = e−iJˆypi/2 |ψt〉z, must be a real symmetric pure
state. Nevertheless, for the cases in presence of detection
noise (σ 6= 0), the phase sensitivity critically depends on
both θ and σ. An oscillation with period of pi/N takes
place for small σ and disappears for more large values
of σ. Phase interval for sub-shot-noise sensitivity slowly
shrinks from the ends of the phase interval towards the
middle as σ increases. Notably when a small amount
of σ is present, the phase precision becomes significantly
worse at θ = 0 and pi. A similar effect has been found
in Refs. [26, 41]. Moreover, it proves that the phase sen-
sitivity becomes more robust against the detection noise
by increasing N , which is more pronounced in the regime
slightly departing from pi/2. In order to examine in de-
tail the roles of the noise power and the size of system on
phase sensitivity, we plot in Fig. 3(d) the phase sensitiv-
ity gain as a function of N with θ∼pi/2N corresponding
to the first minimum value of the sensitivity in the cases
σ 6= 0, as depicted in Figs. 3(a-c). It is shown that the
amount of g increasingly decreases with the increase of σ,
but the rate of degradation does not vary with N . This
means that for fixed σ one can get a higher precision by
means of larger number of probes. For instance, in the
case σ=0.7, a near 3 db over the shot noise limit can be
acquired for N=200, while no gains obtained for N=50.
In addition, our scheme proves more advantageous
than that by means of the one-axis twisted (OAT) state
as |ψo〉z=e−iφJˆz e−iχtJˆ2x |ψc〉z, where φ refers to the reori-
enting angle which rarely depends on the evolution time
t [46]. It was shown that the OAT state would provide
a phase sensitivity of
√
υ∆θ∼√2/N at a platform time
χt∼ 1/√N [38]. Comparing with the OAT scheme, our
scheme offers some attractive features in precision atomic
spectroscopy, such as fixed reorienting angle, shorter time
for creating ideal probe states, and higher measurement
sensitivity. More importantly, our scheme can saturate
the QCRB in the whole range of the phase shift, while
it is only valid at two discrete points θ = 0 and pi for
the OAT case, which is identified by the fact that its
corresponding probe state as |ψo〉x = e−iJˆypi/2 |ψo〉z be a
complex symmetric pure state [28, 52].
Conclusion.—We have demonstrated that, under spe-
cific conditions, three different conventional detection
methods usually implemented in interferometric experi-
ments are able to attain the quantum Cramér-Rao phase
sensitivity with a Bayesian statistical method. Interest-
ingly, these conditions are readily met in most of the
current experiments on high precision phase measure-
ment. Therefore, this work may have practical impact
on gravitational wave detection, atomic clock, and ma-
genetometry and may even be applied for the detection
of multipartite entanglement [28, 53].
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APPENDIX A: ANALYTIC SOLUTIONS OF THE CFI IN TERMS OF THE TOP MEASUREMENT
In this section, we demonstrate in detail that the equality of F (ψθ|MˆTOP) = FQ(ψθ) holds under the following two
situations: (a) the expansion coefficients of probe state on |j,m〉 are real, that is, |ψ〉 ∈ RS. (b) the true value of the
phase is asymptotic to 0 and pi.
As for the first case, Equation (3) in the main text then reduces to
p(j, k|θ) =

[
j∑
ν=j−bjc
2Cj,ν cos (ν θ) d
j
ς,j−k
(
pi
2
)]2
, k for even[
j∑
ν=j−bjc
2Cj,ν sin (ν θ) d
j
ς,j−k
(
pi
2
)]2
, k for odd
(A1)
due to the reality of the amplitude coefficient Cj,ν and of the Wigner rotation matrix djν,µ(
pi
2 ). Note that the above
expressions are also valid when the amplitude coefficient Cj,ν contains a phase factor eiφj which only depends on j.
In this case, we incorporate the phase factor into the basis vector so as to ensure the expansion coefficient remains
real. Thus by substituting Eq. (A1) into Eq. (2) in the main text, we obtain
F (ψθ|MˆTOP) =
∑
j
∑
k
1
p(j, k|θ)
(
d p(j, k|θ)
dθ
)2
= 4
∑
j
∑
k=even
 j∑
ν=j−bjc
2Cj,ν ν cos (ν θ) d
j
ν,j−k
(pi
2
)2+ 4∑
j
∑
k=odd
 j∑
ν=j−bjc
2Cj,ν ν sin (ν θ) d
j
ν,j−k
(pi
2
)2
= 8
∑
j
j∑
ν=j−bjc
C2j,ν ν
2 cos2 (ν θ) + 8
∑
j
j∑
ν=j−bjc
C2j,ν ν
2 sin2 (ν θ)
= 8
∑
j
j∑
ν=j−bjc
C2j,ν ν
2, (A2)
where the penultimate equality follows from the following identities
∑
k=even
djµ,j−k
(pi
2
)
djν,j−k
(pi
2
)
=
∑
k=odd
djµ,j−k
(pi
2
)
djν,j−k
(pi
2
)
=
1
2
δµ,ν . (A3)
It can be verified based on the normalization relation of 〈ψ|B†B|ψ〉 = 1 associating with |ψ〉 being a symmetric pure
state. This is a key ingredient in obtaining the exact solution of the CFI.
In the second situation, Equation. (3) in the main text can be simplified in the limit θ → 0 to
p(j, k|θ) =

∣∣∣∣ j∑
ν=j−bjc
2Cj,ν d
j
ν,j−k(
pi
2 )
∣∣∣∣2, k for even,∣∣∣∣ j∑
ς=j−bjc
2 ν θ Cj,ν d
j
ν,j−k(
pi
2 )
∣∣∣∣2, k for odd, (A4)
by omitting higher order terms with respect to θ. Substituting Eq. (A4) into Eq. (3) in the main text gives
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F (ψθ|MˆTOP) =
∑
j
∑
k=odd
1
p(j, k|θ)
(
d p(j, k|θ)
dθ
)2
=
∑
j
∑
k=odd
[
j∑
µ,ν=j−bjc
8µ ν θ Cj,µ C
∗
j,ν d
j
j−k,µ
(
pi
2
)
djj−k,ν
(
pi
2
)]2
j∑
µ,ν=j−bjc
4µ ν θ2 Cj,µ C∗j,ν d
j
j−k,µ
(
pi
2
)
djj−k,ν
(
pi
2
)
= 16
∑
j
∑
k=odd
j∑
µ,ν=j−bjc
µ ν Cj,µ C
∗
j,ν d
j
j−k,µ
(pi
2
)
djj−k,ν
(pi
2
)
= 8
∑
j
j∑
ν=j−bjc
|Cj,ν |2 ν2, (A5)
where we have again used Eq. (A3) in the penultimate equality. Following the same procedure, the equality of
F (ψθ|MˆTOP) = FQ(ψθ) can be also obtained in the asymptotic limit θ → pi.
APPENDIX B: BAYESIAN SIMULATION
In this section, we consider the Bayesian phase estimation protocol. Suppose that θ0 is the true value of phase
shift to be estimated for a given parametric density matrix ρθ and p(χ|θ) represents the conditional probability of
the outcome result χ of Mˆ depending on θ. According to the Bayes theorem, the phase probability distribution is
obtained by p(θ|χ) = p(χ|θ) p(θ)/p(χ), where p(θ) is the phase probability distribution prior to the measurement
and p(χ) gives the normalization. After a sequence of υ independent measurements Mˆ , the posterior distribution
p(θ| {χi}υi=1) of the phase shift θ conditioned on the measurement outcomes {χi}υi=1 = χ1, . . . , χυ is given by
p(θ| {χi}υi=1) =
p(θ)
∏υ
i=1 p(χi|θ)∏υ
i=1 p(χi)
, (B1)
where the prior knowledge is assumed to be a uniform distribution as p(θ) = 1 and the denominator
∏υ
i=1 p(χi)
serves as the normalization. The estimator θest ({χi}υi=1) is chosen as the maximum of the posterior distribution
p(θ| {χi}υi=1), which, in the asymptotic limit υ →∞, becomes normally distributed centered around the true value θ0
and with variance σ2 = 1/υF (ρθ|Mˆ) [27, 28, 45]. Thus this estimation scheme can saturate the classical Cramér-Rao
lower bound ∆θ2est = [υF (ρθ|Mˆ)]−1 in the asymptotic limit of measurements.
Below, we numerically simulate a phase estimation experiment by employing the Bayesian estimation approach and
demonstrate that the PD measurement MˆPD is the optimal in the whole phase interval for achieving the ultimate
sensitivity given by the TACT state. Considering the state |ψt〉z given in Eq. (7) in the main text and the Ramsey
interferometry process Rx (θ) depicted in Fig. (2) in the main text, the conditional probability with respect to outcomes
µ of the measurement MˆPD is given by
p (µ|θ) = |〈µ|Rx (θ) |ψt〉z|2 . (B2)
Here, we set the phase shift to 9 known values θ0/pi = 1/20, 1/10, . . . , 9/20. The conditional probabilities for different
values of θ0 are plotted in Fig. (4). To simulate the experiment, for each θ0, we randomly draw 5000 repetitions µi
of this settings and divided them into sequences of length υ = 100 for each sequence. Using these outcome results,
we implement a Bayesian phase estimation protocol as discussed above. It is known that for sufficiently large υ, the
phase posterior probability p(θ| {µi}υi=1) becomes a Gaussian distribution. The phase uncertainty is determined by
the 68% confidence interval around θest which corresponds to the maximum of p(θ| {µi}υi=1). As plotted in Fig. (5),
we show that the phase sensitivities provided by Bayesian analysis agree with the result obtained from the QCRB.
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Figure 4. (Color online) Probability distributions p(µ|θ) of outcome µ conditioned on different values of θ0 for the
TACT state given by Eq. (7) in the main text. Here N = 10 and outcomes of the PD measurement MˆPD are thus
µ = {0, ±1, ±2 ± 3 ± 4 ± 5}.
Figure 5. (Color online) Normalized phase sensitivity as a function of the phase shift θ for the TACT state of particle number
N = 10. The horizontal black line corresponds to the result of the QCRB. Red-filled circles are results of numerical simulations
of Bayesian analysis with the number of measurements υ = 100. The error bars indicate the standard deviation of a single
sequence. The black-solid line corresponds to the QCRB limited sensitivity. The shaded area represents the sub-shot-noise
sensitivity region bounded by shot noise limit and Heisenberg limit.
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